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Section 1

Motivation
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Groundwater Flow INR
—V-(KVu)=f inQ,
u=g onlpCoQ,
—(KVu)-v=j only=002\Tp.

@ Permeability tensor K(x) highly varying and/or anisotropic
@ Weighted symmetric interior penalty discontinuous Galerkin method®

up € VPC o aPC(up, v) = IPC(v) Vv e vP©

aPCu,v) = S (KVu, V)o,r + > [GW(IIU]IY [vDo,v — {KVu}w - vy, [VD)o,y — ({KV v} - vy, [ul)o,
€T ~veF]

+ >0 |on(uv)o,y — (KVu) - vy, v)o,y —((KVV)'V%U)O,*Y]
veFp

1Em, Stephansen, Zunino. IMA Journal of Numerical Analysis, 29 (2008).
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Unstable Flows in Porous Media INR

V-v=0, v =
Ot(Pc)+ V- (ev — D(v)Vec) =0

Density driven flow, miscible discplacement
Can exploit high resolution schemes
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Viscous Fingering Pe = 14400, M = 100
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Carbon Fibre Composites .0 :
—V.o(u)="f
o(u) = C:e(u)
(w) = 5 (Vo + (Vo))

This example by L. Seelinger, A. Reinarz

@ u displacement, o Cauchy stress, € strain, C stiffness

@ Discretized with conforming Q, serendipity elements
@ Application to carbon fibre composites?:

» anisotropic stiffness tensor C
» discontinuous material properties
» highly anisotropic meshes

ZButler, Dodwell, Reinarz, Sandhu, Scheichl, Seelinger. Computer Physics Communications, 249 (2020).
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Reinforced Bulk Material ""“3

66005 0001 10 590401

i— Example by
D. Kempf

von-Misesstress._
o a1
SR

@ Two-dimensional bulk material reinforced by truss-beam elements?
o Discretized with cut-cell continuous Galerkin P / CO interior penalty
discontinuous Galerkin method

UMFPack | CG-SSOR CG-GenEO
#dof T | #T T | #T T S
3402 003 | 1229 08| 30 044 3
13202 054 | 22691 643 | 35 192 14
822402 265.10 60 253.60 370

3Hansbo, Larson, Larsson. Lecture Notes in Computational Science and Engineering 121.
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HPCFEM = :

FEM for elliptic PDE leads to solving large sparse linear systems Ax = b
Use iterative solvers x**1 = xk + B(b — Ax¥) with preconditioner B

Matrix-based methods assemble A in sparse matrix format

» Memory bandwidth bound since / < 1/4 in y = Ax
» Robust preconditioners B available, e.g. AMG, DD

@ Matrix-free methods avoid assembling A to get compute-bound
» Low-order FEM:

* Exploit structure: regular grids, constant coefficients
* Vectorization over several elements

» High-order FE schemes: naive complexity O(p?*?h~7)

for y = Ax
* Complexity reduction by exploiting tensor-product structure: O(p™*h=)
* Algorithm employs matrix-matrix products
* Less flops are executed at a higher rate
@ Our focus here:

» Coefficient and h-robust, matrix-based preconditioner B
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Matrix-free vs. Matrix-based Operator Application

@ Convection-Diffusion-Reaction Problem, var. permeability, axis-parallel grid
@ PETSc matrix (25 GFLOP/s = at least 100 GByte/s)
@ Node Performance on 2 x Xeon E5-2698v3

Matrix-free Matrix-based Matrix Assembly
DOF GFLOP DOF GFLOP DOF GFLOP

p S S S S S S
1 1.80x10% 126 2.06x108 243 1.60x 10" 345
2 417x10%8 282 6.42x107 273 871x10° 371
3 6.00x108 376 2.69x107 298 4.66x10° 368
4 676x10% 436 954x10° 235 257x10° 301
5 7.20x10% 467 458x10% 233 1.93x10% 307
6 7.22x10% 481 231x10% 235 1.21x10% 231
7 7.07x10% 481 1.46x10% 303 6.65x10° 143
8 6.80x10% 476 6.14x10° 241 8.74x10° 198
9 659x108 470 298x10° 262 7.01x10° 133

Results by Steffen Miithing
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Reaction Diffusion DG - Skylake IR

@ Full Diffusion Tensor, SIPG DG discretization
@ Measure matrix-free Jacobian application

Diffusion-Reaction DG on Skylake - Full Operator  Diffusion-Reaction DG on Skylake - Full Operator

1000
03
800 c
© 800
25
G g
600 n
@ 20T [~ 600
Q 9 5
o e A
[ 15 ¢
(O] 400 © = 400
(]
10 &
—
291 o fusion ° 2001 ® —e— fusion
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—¥- hybrid: 2 fused kernels ES —¥- hybrid: 2 fused kernels
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o (u,Vu)x 2 qp, (u,01u)x 4 qp + (Oau,d3u)x 4 qp, ux 8 gp, djux 8 qp
@ Results by Dominic Kempf
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Let's focus 0000 = N

on efficient parallel iterative methods for
solving linear systems Ax=b

where
o A€ R"is symmetric and positive definite
@ A arises from the discretization of (systems of) PDEs
e with highly varying and/or anisotropic coefficients/meshes
@ nis very large, e.g. n~ 108...10!2
@ the number of available computers P is very large, e.g. P ~ 10°...10°

@ S.p.d. case allows rigorous theory, concept is more general
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Robust Parallel Iterative Solvers 7 N

@ Algebraic multilevel methods (as early as 1982)
» Ruge-Stiiben, Agglomeration, AMGe, AMLI
» Spectral AMGe, Chartier, et al., SIAM J. Sci. Comput., 25(1), 2006

@ Two-level overlapping and nonoverlapping domain decomposition (DD)
» Not coefficient-robust in their standard form

@ Two-level spectral DD methods

Galvis, Efendiev, Multiscale Model. Simul. 8 (2010) 1461-1483

Efendiev et al. M2AN 46 (2012) 1175-1199

Multilevel variant: Willems, SIAM Journal on Numerical Analysis, 52 (2014)
GenEOQO: Spillane et al., Numerische Mathematik, 126, 2014
SORAS-GenEO-2: Haferssas, Jolivet, Nataf, SIAM SISC 39(4) 2017
Algebraic spsd splitting: Daas, Grigori, SIAM Mat. Ana. & Appl. 40(1) 2019
Multilevel spaces: Daas et al., hal-02151184 2020

@ Spectral coarse spaces . ..

» ...used for preconditioning
» . ..used as multiscale method
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Why two levels are not sufficient ... .7 :

Supercomputers have many cores. HAWK@HLRS: 720896 / 2GB
Dimension of coarse problem is ~ P

Limits P to around 10 or even less
Three or four levels are often sufficient

» (A/G)MG: #tsubdomains ~ n, coarsening factor 29
» MLDD: #subdomains ~ P, agressive coarsening factor ~ 100

°
°
@ More subdomains than cores (oversubscription) is attractive
°
°

New aspects in this work:

@ Multilevel spectral DD as subspace correction method

@ Theory for additive V-cycle (solve once in each subdomain)
@ Theory for discontinuous Galerkin discretization
°

Several options for the rhs of the eigenproblems

P. Bastian et al. (IWR) Multilevel Spectral DD IGP School, October 4-15, 2021 14 /42



Section 2

Multilevel Spectral DD as Subspace Correction
Method
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Abstract Subspace Correction Methods .7 -

Consider the discrete variational problem
up € V- a(up, v) = 1(v) Vv € Vp,
V. finite element space, a: symmetric, coercive bilinear form, / linear form

Split V}, into P (possibly overlapping) subspaces

‘Vh:Vh’l—l-...-i-Vh’p.‘

Parallel (additive) subspace iteration

P
u,’frl:u,’;%—wg wk, O<weR
i=1

wr e Vi a(wf,v) = I(v) — a(uf, v) Vv € Vhi.

Sequential subspace correction and hybrid variants are possible
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Multilevel Domain Decomposition Splitting -5 -

I: Multilevel hierarchy of finite element spaces (vertical)

Vh70 C Vh’1 cC...C Vhy/ C '-~Vh,L: Vi
I1: Split each level into P; subspaces related to subdomains (horizontal)
Py
Vi = > Vi
i=1

@ With Py =1 this yields a multilevel DD splitting:

L P
Vi = Vho + Z Z Vi1i

=1 i=1

Q: How to define V},; and V}, ;7
B T SN GP School, October 4-15, 2021 17 / 42



Algebraic Formulation .7 :

Implementation: introduce basis representations of the subspaces
n

Vi = span{¢1, .., n}, Vi =span{dri1, .., brim, b Grij = (R1i); k Pk

k=1

Parallel subspace correction in algebraic form

Expanding uf = > (xk)j ¢; gives

L P
xKl = xk 4w ROTAalRo + Z Z R/?;A;,-lRl,i (b— Ax¥)
=1l fi=1l

[\ J/
-~

preconditioner B

with (A)r,s =S a(¢5, ¢)r), A/y,' = R/y,'ARI—’,;-, Ro = Ro71, Ao = ROARJ.
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Convergence :

@ Number of iterations needed is proportional to (square root of) the
spectral condition number

Amax(BA)

k(BA) = o (BA)

@ Below we are interested in upper and lower bounds
v < Amin(BA) < K(BA) < )\max(BA) <r

which implies k(BA) < T/~
@ These bounds are proven on the function level using properties of bilinear
forms and finite element spaces
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Multilevel Domain Decomposition 7. :

@ T4 is a finite element mesh for the domain Q
@ On each level | decompose Tj, into P; overlapping subsets:

Py
Thii C€Th, 1<Z0Z Py U Th,1i = Th,
i—1

@ defining the subdomains

Q= Interior< U 7">

TE€Th,1,i

@ Decomposition is hierarchic:

Th1i= U Th,i+1,k 0<I<UL, Po=1,P <P
keJdy,i

P
U Jii={1,..., P41} describes union of subdomains
i=1
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Multilevel Domain Decomposition: 2D Example -7 -
P3 = 4096 Py = 256

Domain decomposition hierarchy generated with ParMetis

Coarsest level not shown
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Multilevel Spectral Finite Element Spaces .~ -
@ riv= V\Q“ restriction operators, e/ ; zero extension operators
/. partition of unity operators: Z,P:’l eLiN V=V, \/‘,-v/,,-|39,,,.mg =0

°

@ On level L set V},; = V), defined on mesh 7j

@ For/=1L,...,1 construct V},;_1 from V}, as follows
» For each subdomain i =1,..., P, define the spaces

Vihii= {v € Vp, isuppv C ﬁl,i} C Vh, used in subspace correction

Viii=A{niv:ive Vy} auxiliary space
» In each subdomain i =1,..., P, solve a generalized eigenproblem
wiik € Vit ari(wiik, v) = Arikbri(wi ik, v) Vv e Vi

positive semi-definite BLFs 3;; and E,’,- to be detailled below
» Then for a given threshold 0 < 1 € R set

Py
Vhi-1 = @span {Prik: Prik=erix; Wik NAik <n}

i=1
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Section 3

Convergence Theory
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Abstract Subspace Correction Theory .-
Stable splitting

The multilevel splitting is called Co-stable if there exists Cy > 0 and for each
v € V;, a decomposition v = vy + Z/L:1 Zfz’l vy.i, such that

L p
a(vo, vo) + ZZ a(vii,vj) < Ga(v,v).

=1 i=1

Levelwise Coloring
dko € Nand maps ¢;: {1,...,P;} = {1,...,ko}, such that for each / > 0

I 751 AN C/(i) = C/(j) = a(v,7,~, V/_J') =0 VV/,,' e Vh,/’;,VV/’j S VhJJ.

Theorem 1

Under these assumptions
k(BA) < (1 + koL)Co.

o

P. Bastian et al. (IWR) Multilevel Spectral DD IGP School, October 4-15, 2021
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Abstract Spectral Subspace Correction Theory -~ -
A1l (Triangle inequality under the square). Jag > 0 indep. of / > 0, P; s. t.

P

2

2 P
< ag Z viil2, Vvii€ Vi
i1, i—1

A2 (Symmetric positive semidefinite splitting). 3bg > 0 such that for / > 0 the
bilinear forms satisfy

P
Yolmvil? <bo il Vv € Vi
i=1
A3 (Local stability). 3C; > 0 and for each v; € V},;, | > 0, a decomposition
Vi =Vi_1+ Z;Dzll vy i such that
||Vl,i”§ < Gl 1<i<Py.

This two-level splitting can be extended to a multilevel splitting.
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Stable Splittings

Lemma 2 (Two-level Stable Splitting)

Let A1-A3 be satisfied for all levels. Then, for | > 0 exists a decomposition
Vi =V/_1+ Z,P:l]_ vy i such that

P
v 2+ S vil? < (2 4+ boCu(1 + 2a0)) [|will?.

Lemma 3 (Multilevel Stable Splitting)
Let AI-A3 be satisfied for all levels. Then v = vg + Z,L:1 Z,P:Il vyj satisfies

by C
o2+ 35" ual? < b (1+ 0 1>H 12

I=1 i=1

with C = 2(1 + agbo C1). (This is due to |vi_1]ls < C|lvill.).

P. Bastian et al. (IWR) Multilevel Spectral DD IGP School, October 4-15, 2021
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Generalized Eigenvalue Problem | .

@ Local stability A3 is ensured via the GEVP:
wiik € Vi 31i(Wiik,v) = Nikbri(wiig, v) Vv € Vi,

aj, 13/,,- symmetric positive semi-definite with

@ Spectrum in subdomain i on level / has the form

0= )\1 .. = >\r < >\r+1 <..< )\n—s < >\n—s+1 = .= >‘n = o0,
— ~~
r=dim ker 3; ; s=dimker by ;

@ Eigenfunctions w; ; x can be chosen by j-orthonormal and 3; ;-orthogonal

P. Bastian et al. (IWR) Multilevel Spectral DD IGP School, October 4-15, 2021
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Generalized Eigenvalue Problem Il
@ Define projection IM;; pm, : \_/h,/’,- — \7,,,,,,-7," =span{w;x:1 <k <m}

m
Myimv = Z bri(v, wyik)w,i k-
=1

o |_|/7,"m is 51,,-—stab|e:
Mimvl3, < VB, 10=TmVE, < IV, vE Vau

@ If m > dim(ker 3 ;) one can show

0= Myim)v2 <A =TmVE v e Vi

@ The two-level splitting in A3 is then defined as

~"~
Vi

P P
vi=YenixtiMimmrivi + E eriXni(l =i mem))r1,ivi
i—1 i—1

N~

Vi—-1

P. Bastian et al. (IWR) Multilevel Spectral DD IGP School, October 4-15, 2021
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Application to Discontinuous Galerkin .7 -

Use the weighted SIPG method by Di Pietro, Ern, Guermond, (2008).
The BLF has volume and face contributions:

aPC(u,v) = Z ar(u,v)+ Z aiy(u, v) + Z a?(u, v).

TETh YEF} yeFp

For the subdomains set

ai(u,v) = Z a-(u,v)+ Z aé(u,v)—i— Z a,?(u,v),

TE€Th,1,i YEFh VEFR)
where
! I . D D .
Fhpi =17 € Fpiy C i}, Frpi =17 € Fy 1y COQ i}

Then A1, A2 are satisfied with constants independent of P and K
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A3 for Discontinuous Galerkin .

For the DG method consider three different choices for [_)/,,-:
E/l,,-(U, v) = api (xuiu, x1,iv) = 3/?G(X/,iU,X/,iV),
E,%,-(u, v) =41 (x1iu, x1,iv), original GenEO

b7 i(u,v) = a,; (1= x1,1)u, (1 = x1,1)v)

Lemma 4
If eigenvalues are picked according to a threshold n > 0, A3 is satisfied with

cl =971, C2=1+7971, CGG=2(1+771).

4 i(u,v) = Z ar-(u,v)+ Z ag(u,v)wL Z a?(u,v)

TETh,1,i 'Yefi’;,/,i 'Vefffl,i

corresponding to €2, ; = {x € Q;; : x is shared by other subdomains} C €, ;.
B T T T SR GP School, October 4-15, 2021
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Section 4

Numerical Results

P. Bastian et al. (IWR) Multilevel Spectral DD



Implementation Details .7 :

Code is sequential

Parallel execution time and speedup are estimated
Fully algebraic implementation

» Patch stiffness matrices required on level L
» Subdomain Neumann matrices would also suffice
» Algebraic SPSD splittings have been devised

ParMetis for mesh partitioning
Arpack in symmetric shift-invert mode used for eigenproblems on all levels
UMFPack and Cholmod used for subdomain problems

All integrated in Dune* software framework

1078 reduction of initial residual norm in all examples

o dune-project.org
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Patch-based Assembly
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Islands Problem

Scalar diffusion problem with isotropic permeability field

2.9e+06
2.5e+6

2e+b
1:be+6rx
Ye+6
500000
1.0e+00
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h Scaling in Two-level Method

Q1 CGFE, 16 subdomains, n = 0.15, varying overlap ¢

Problem ‘ homogeneous ‘ Islands
S~ h §~H d~h 6~ H
h1 # IT no # IT ng # IT no # IT ng
320 30 56 30 56 31 65 31 65
640 29 114 32 50 27 103 30 59
1280 27 236 25 54 27 240 25 78
2560 26 488 26 54 25 481 24 55

@ Size of coarse space ng depends on overlap &

@ Convergence independent of coefficient K
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p Scaling in Two-level Method
DG FE in 2d, 3842 elements, 256 subdomains, varying polynomial degree p

n= 0.15 Ney = 20
0 =2h o var 6 =2h o var

p n | #1T ng | 0 H#IT ng | #1T ng | 6 H#IT no
589824 28 1457 | 2 28 1457 18 5120 | 2 18 5120
1327104 21 3171 | 3 22 1901 19 5120 | 3 18 5120
2359296 20 5026 | 3 21 2991 20 5120 | 3 19 5120
3686400 18 8217 | 4 21 3322 21 5120 | 4 20 5120
5308416 17 13596 | 4 21 5078 23 5120 | 4 21 5120
7225344 17 17029 | 5 22 5234 24 5120 | 5 22 5120

@ Even with fixed number of eigenvalues per subdomain and fixed overlap
there is only mild increase in iteration numbers with polynomial degree
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Islands 2d Weak Scaling IR
Fixed #dof/subdomain, @Q; conforming finite elements, § = 3h, n = 0.3

subdomains ‘ 64 256 1024 4096 16384
levels ‘ degrees of freedom

finest total | 410881 1640961 6558721 26224641 104878081
ng 2 levels 306 1348 5523 22673 91055
no 3 levels 130 431 1319 3890
ng 4 levels 207 436 891
levels ‘ #IT

2 25 26 27 26 26
3 32 31 31 33
4 40 38 38

Conjecture: k(BA) = O(L?)
B N T T WGP School, October 4-15, 2021137 /42



Islands 3d Strong Scaling 7 :
FV discretization, fixed problem size 3203 mesh, 32768000 degrees of freedom

PL PL—l ‘ #lT no Tseq 7_par Ti,min 7_i,max Tcoarse

two level method, varying overlap

512 1 12 7680 63613 191.3 70.3 176.2 0.47
1024 1 12 15360 35817 58.4 18.2 49.8 1.3
2048 1 14 30720 18781  25.2 4.9 13.2 5.1
4096 1 13 61441 19982 335 2.2 7.0 20.1

three level method

4096 32 15 1387 21168 55.9 9.8 423 0.27
4096 64 15 1817 20725 27.7 25 15.1 0.18
4096 128 16 2569 20549 184  0.59 6.2 0.15

@ More subdomains are faster sequentially
@ Three level method is faster than two-level method in parallel
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SPE10 Problem

Scalar diffusion problem with strong heterogeneity and anisotropy
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SPE10 Results 7% :
Overlap § = 2h, GMRES+MRAS cycle

CG, np = 9124731 CCFV, n. = 8976000 DG, n; = 8976000
Pi,Pi—1 | #1T no Toar | #IT no Toar | #IT no Tpar

two levels, n = 0.3

256 24 7237 133.8 25 7502 492 22 8366 233.5
512 24 9830 60.4 23 10600 21.6 21 13690 124.9
1024 28 21881 223 25 25753 123 24 31637 424
2048 25 20023 157 25 35411 11.2 25 46844  36.7

three levels, no coarse overlap, n = 0.3

256, 16 29 1222 1514 29 1364 703 31 1683 273.2
512, 16 27 1228 77.8 28 1446 474 28 1762 186.8
1024, 32 36 3145  46.3 34 3487 473 33 5476 2314
2048, 32 31 3120 401 35 3421 499 36 5359 204.8

@ Method works equally well for different discretization schemes
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3d Carbon Fibre Composites .. :

@ Linear elasticity, Q> serendipity elements

@ 9 ply layers and 8 interface layers

@ 256 x 64 x 52 mesh, 10523067 degrees of freedom
@ 1024 subdomains

o GMRES+MRAS cycle

subdomains | max dofs/subdomain |
levels 3 2 1 0| 3 2 1 0| #IT
2 1024 1 28791 21565 13
3 1024 32 1 28791 1260 914 31
4 1024 128 16 1| 28791 546 515 273 35
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Conclusions = N

Extended spectral DD methods to more than two levels
Generalized GenEO theory to DG discretization schemes

Fully additive, robust and scalable preconditioner for SPD problems
Improvements over 2 level DD in d = 3, P > 4096, n > 30 - 10°

Many research opportunities remain:
@ Improve the C' factor in the estimate
@ Better understand eigenvalue distribution
@ High-performance, scalable, parallel implementation
@ Non-symmetric problems

Thanks to
@ Dominic Kempf, Robert Scheichl, Linus Seelinger, Arne Strehlow
@ Hussam Al Daas

Thank You for your attention!
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