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What is Uncertainty Quantification (UQ)?

Uncertainty in Modern Life

Many aspects of modern life involve uncertainty:

o Biology: health, medicine, pharmaceuticals, gene expression, cancer
research

Engineering: automobiles, aircraft, structures, materials

o Environment: weather, climate, seismic, subsurface geophysics

Physics: quantum physics, radioactive decay

Society: finance, insurance industry, elections, military
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What is Uncertainty Quantification (UQ)?

Examples
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Source: National Hurricane Center, USA

Predicted storm path with uncertainty cones.
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What is Uncertainty Quantification (UQ)?

Examples

Source: GKN Aerospace

Predicted strength of carbon fibre wing subject to manufacturing defects
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What is Uncertainty Quantification (UQ)?

Uncertainty Quantification and the Scientific Computing Paradigm

Physical Phenomenon Mathematical Model
Data > DEs
Quantities of Interest Parameters
Solution
Prediction
| .
I Insight
| Optimization
 Control
| Decision
1
Computer Implementation Numerical Approximation
Software Discretization
Solvers
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What is Uncertainty Quantification (UQ)?

Uncertainty Quantification and the Scientific Computing Paradigm

Physical Phenomenon Mathematical Model
Uncertain Data > SDEs
Lack of Knowledge Random Fields
Variability
Prediction
| .
I Insight
Quantified | Optimization
 Control
| Decision
1
Computer Implementation Numerical Approximation
? ?
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What is Uncertainty Quantification (UQ)?

The “Fruit Fly” of UQ

The most popular model problem in the UQ community is the
steady-state diffusion problem with uncertain coefficient function:

—V-(kVp)="f on domain D ¢ RY.

(an elliptic partial differential equation modelling many processes)
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What is Uncertainty Quantification (UQ)?

The “Fruit Fly” of UQ

The most popular model problem in the UQ community is the
steady-state diffusion problem with uncertain coefficient function:

—V-(kVp)=f  ondomain DcCRY.
(an elliptic partial differential equation modelling many processes)

Typically only interested in a functional @ of the solution p, known as a
quantity of interest (Qol):

eg. Q(p) =p(xo) or Q(p)= 5y Jp, P(X)dx.

How can uncertainty in the coefficient k be addressed?
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What is Uncertainty Quantification (UQ)?

The “Fruit Fly” of UQ

The most popular model problem in the UQ community is the
steady-state diffusion problem with uncertain coefficient function:

—V-(kVp)=f  ondomain DcCRY.
(an elliptic partial differential equation modelling many processes)

Typically only interested in a functional @ of the solution p, known as a
quantity of interest (Qol):

eg. Q(p) =p(xo) or Q(p)= 5y Jp, P(X)dx.

How can uncertainty in the coefficient k be addressed?

o Worst case analysis: Calculate uncertainty interval

RO ”kstﬂ’KsQ("(k”]'
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What is Uncertainty Quantification (UQ)?

Probabilistic model

But, in general, some coefficients with ||k — ko|| < ¢ are more likely than

others o
= Probabilistic approach

@ Introduce probability measure on S := {k : ||k — ko|| < &}.
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What is Uncertainty Quantification (UQ)?

Probabilistic model

But, in general, some coefficients with ||k — ko|| < ¢ are more likely than

others o
= Probabilistic approach

@ Introduce probability measure on S := {k : ||k — ko|| < &}.

e Then Q(p(+)), as a (measurable) mapping on S, induces a probability
measure for the Qol (Uncertainty Propagation)

@ Big issue: choice of distribution, information too subjective?
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What is Uncertainty Quantification (UQ)?

Probabilistic model

But, in general, some coefficients with ||k — ko|| < ¢ are more likely than

others o
= Probabilistic approach

@ Introduce probability measure on S := {k : ||k — ko|| < &}.

e Then Q(p(+)), as a (measurable) mapping on S, induces a probability
measure for the Qol (Uncertainty Propagation)

@ Big issue: choice of distribution, information too subjective?

@ The point of departure for Bayesian inference is to choose the
distribution based on (output) data (Uncertainty Quantification)

(“prior” distribution on S becomes less important)
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What is Uncertainty Quantification (UQ)?

Probabilistic model

But, in general, some coefficients with ||k — ko|| < ¢ are more likely than

others o
= Probabilistic approach

@ Introduce probability measure on S := {k : ||k — ko|| < &}.

e Then Q(p(+)), as a (measurable) mapping on S, induces a probability
measure for the Qol (Uncertainty Propagation)

@ Big issue: choice of distribution, information too subjective?

@ The point of departure for Bayesian inference is to choose the
distribution based on (output) data (Uncertainty Quantification)

(“prior” distribution on S becomes less important)

o Additional goal: robust and efficient deterministic solvers and

discretisations for multiscale problems First Lecture!
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Uncertainty ‘ R High-dimensional

Quantification Problems/Quadrature

) )

Multiscale = Robust Parallel Iterative
Simulation & Methods Solvers
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Uncertainty ‘ R High-dimensional

Quantification Problems/Quadrature

i Multilevel Methods $

Multiscale = Robust Parallel Iterative
Simulation & Methods Solvers

Numerical Analysis / Method Design / Applications

R. Scheichl (Heidelberg) Large-Scale Bayesian Inference: Sampling Heidelberg, Oct 7, 2021 7 /61



A Case Study: Radioactive Waste Disposal

EPSRC project with UK Nuclear Decommisioning Authority (with Cliffe & Giles)

UQ scenario: accidental release of radionuclides and then transport by
groundwater. Quantity of interest: log;, of particle travel time.

WIPP repository, NM
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A Case Study: Radioactive Waste Disposal

EPSRC project with UK Nuclear Decommisioning Authority (with Cliffe & Giles)

UQ scenario: accidental release of radionuclides and then transport by
groundwater. Quantity of interest: log;, of particle travel time.

@ Steady-state Darcy flow for pressure p:

-V <kVp> =0 onD, p=pg on 9D.

@ Permeability k modelled as random field.
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A Case Study: Radioactive Waste Disposal

EPSRC project with UK Nuclear Decommisioning Authority (with Cliffe & Giles)

UQ scenario: accidental release of radionuclides and then transport by
groundwater. Quantity of interest: log;, of particle travel time.

@ Steady-state Darcy flow for pressure p:

-V <kVp> =0 onD, p=pg on 9D.

@ Permeability k modelled as random field.

@ In hydrology typically lognormal:

log k(x,w) =: Z(x,w) Gaussian w. mean Z(x)
and stationary and isotropic covariance

E[(Z(x,-) = Z(x) (Z(y.") = Z())] = c (Ix = yll)
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Matérn Family of Covariance Functions

—v=1/2
—v=1
——v=2
v=3
——Gauss
00 1 2 3 4 5

r

Matérn covariance functions c(r)
r
%)

e.g. for v =0.5: c(r) =" exp (—
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Matérn Family of Covariance Functions

—v=1/2
—v=1
——v=2
v=3
——Gauss

Matérn covariance functions c(r)
r
A

e.g. for v =0.5: c(r) :== o’ exp (— %)
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Matérn Family of Covariance Functions

—v=1/2

—v=1
——v=2
v=3
——Gauss
00 1 2 3 4 5

r

Matérn covariance functions c(r)

r 4
e.g. for v =0.5: c(r) :== o’ exp (— %) v =0.5, A=0.05
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Matérn Family of Covariance Functions

1

= Dt S
—G_aussi b‘ - "" h J Y, )
A - *d
| ’ \“ ¢ ‘ .
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~ RENT

Matérn covariance functions c(r) . L~, g s
e.g. for v =0.5: c(r) :== o’ exp (— %) v=25 A=0.05
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Matérn Family of Covariance Functions

1

= AT

— c - "N
_él‘s'uss ,;o ";‘ :' J‘ '

0.2
ey - B .-
i ' ¢ ® 3 ; - N‘ "‘ 3
Matérn covariance functions c(r) *L*},‘ ‘_ pry 7
e.g. for v =0.5: c(r) :== o’ exp (— %) v=25 A=0.05

Smoothness: Realisations Z(-,w) € C"(D) (Holder), for any 1 < v,
Typically v <1, A\ <1 = fine mesh h < 1

R. Scheichl (Heidelberg) Large-Scale Bayesian Inference: Sampling Heidelberg, Oct 7, 2021



Sampling from Z = log k

Karhunen-Loeve expansion (pm 4 0 as m — oo):
Z(x,w) = Z(x) + Y VVitm bm(x) Zn(w)
m=1

{®m} men are the normalised eigenfunctions and Z,, ~ N(0,1) (i.i.d.)
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Sampling from Z = log k

In practice: truncated Karhunen-Loéve expansion:
o S
Zo(x,w) = Z(x) + Y v/itm m(x) Zim()
m=1

{¢m}m<s are the normalised eigenfunctions and Z,, ~ N(0,1) (i.i.d.)
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Sampling from Z = log k

In practice: truncated Karhunen-Loéve expansion:

Typically A <1 and v <1
=

—e—v=1/2, p=1
” —a—y=1/2, p=1/10
—v—v=1/2, p=1/50
—o—v=1, p=1
—a—y=1, p=1/10
—v—v=1, p=1/50

slow KL-eigenvalue decay

=

high stochastic dimension s > 1
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Uncertainty Propagation
The Forward Problem
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Uncertainty Propagation — High-dimensional Quadrature

Z(x,w) e X Model p(x,w) € V RES Q(w) € R(or RY) Statistics E[Q]

RF input RF output quantity of interest
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Uncertainty Propagation — High-dimensional Quadrature

Z(x,w) € X Mode! p(x,w) € V Q(w) € R(or RY) Statistics E[Q]

RF input RF output quantity of interest

Output

@ In practice, we need to use finite representations of Z and p:
(e.g. truncated KL expansion and FE discretisation of the PDE)

Model(h)

~

Qn s( ) € R(Or RJ) Q“adi;ure Gy

)

Output

Z(w) € RS P(w) € RM» "=

random input FE state vector quantity of interest
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Uncertainty Propagation — High-dimensional Quadrature

Z(x,w) e X MU pix,w) e Vv Q(w) € R(or RY) 2 Q]

RF input RF output quantity of interest

Output

@ In practice, we need to use finite representations of Z and p:
(e.g. truncated KL expansion and FE discretisation of the PDE)

~

Qn s( ) € R(Or RJ) Q“adi;ure Gy

)

Model(h) Output

Z(w) € RS P(w) € RM» "=

random input FE state vector quantity of interest

o Consider only equal weight quadrature rules

1 N
N Z Qh,s(z(’)
i=1

e Monte Carlo: Z() i.i.d. random (N(0, 1) for lognormal diffusion)
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Abstract Complexity Analysis

@ Depending on how smooth Qp s is w.r.t. Z, the quadrature error is

Héh,s - E[Qh,s]” =O0(N™"), for some 7 >0
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Abstract Complexity Analysis

@ Depending on how smooth Qp s is w.r.t. Z, the quadrature error is
Hah,s — E[Qhﬁ]H =O0(N™"), for some n >0
o For discretisation & truncation error we assume weak convergence:

|E[Qns — Q]| = O(M, ), for some a >0
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Abstract Complexity Analysis

@ Depending on how smooth Qp s is w.r.t. Z, the quadrature error is
H@h,s — E[Qns]|| = O(NTT), for some 1 >0

o For discretisation & truncation error we assume weak convergence:
HIE[Q;LS - Q]H =O0(M, ), for some a >0

@ Then the total error is:

| Qn,s —E[Q]|| < ||@hs —E[Qns]|| + || E[@hs — Q1| = O(M;* + N
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Abstract Complexity Analysis

@ Depending on how smooth Qp s is w.r.t. Z, the quadrature error is
Héh,s — E[Qns]|| = O(N7), for some 7 >0

o For discretisation & truncation error we assume weak convergence:
HIE[Q;LS - Q]H =O0(M, ), for some a >0

@ Then the total error is:

| Qn,s —E[Q]|| < ||@hs —E[Qns]|| + || E[@hs — Q1| = O(M;* + N

@ Assuming cost per sample Cost(Q,(,'Z) = O0(M)), for some v > 1.
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Abstract Complexity Analysis

@ Depending on how smooth Qp s is w.r.t. Z, the quadrature error is
H@h,s — E[Qns]|| = O(NTT), for some 1 >0
o For discretisation & truncation error we assume weak convergence:
HIE[QM - Q]H =O0(M, ), for some a >0
@ Then the total error is:
|@hs —E[Q]]| < || Qs — E[Qns]|| + | E[Qns — Q|| = O(M, >+ N7)
@ Assuming cost per sample Cost(Q,(,:Z) = O0(M)), for some v > 1.

The =-Cost (i.e. the cost to achieve error < ¢) is

€.(Qns) = O(NMR) = 0 (7H/17/%)
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Example: Standard Monte Carlo

2D lognormal Darcy (with v = 1/2), AMG solver, Q = || — ka—pHLl(D)

Ox1

e Standard MC: n = 1/2 ||ndependent of s ! |
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Example: Standard Monte Carlo

2D lognormal Darcy (with v = 1/2), AMG solver, Q = || — ka—pHLl(D)

Ox1

e Standard MC: n = 1/2 ||ndependent of s ! |

o Numerically observed cost/sample: ~ O(M) = 0(h™2) = ~ ~ 1.

@ Numerically observed FE-error: ~ ﬁ(M;3/8) = a=3/8.

(rigorous analysis also exists)
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Example: Standard Monte Carlo

2D lognormal Darcy (with v = 1/2), AMG solver, Q = || — ka—"HLl(D)

Ox1

e Standard MC: n = 1/2 |Independent of s ! |

o Numerically observed cost/sample: ~ O(M) = 0(h™2) = ~ ~ 1.

@ Numerically observed FE-error: ~ ﬁ(M;3/8) = a=3/8.

(rigorous analysis also exists)

Hence, total cost to get error O(c): =~ ﬁ(5714/3)

to get error reduction by a factor 2 — cost has to grow by a factor 25!
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Example: Standard Monte Carlo

2D lognormal Darcy (with v = 1/2), AMG solver, Q = || — ka—"HLl(D)

Ox1

e Standard MC: n = 1/2 |Independent of s ! |

o Numerically observed cost/sample: ~ O(M) = 0(h™2) = ~ ~ 1.

@ Numerically observed FE-error: ~ ﬁ(M;3/8) = a=3/8.

(rigorous analysis also exists)

o Hence, total cost to get error 0(c): ~ O 1/3)

to get error reduction by a factor 2 — cost has to grow by a factor 25!

Case 1: 62=1,12=03,v=05 Case 2: 02=3,A0=0.1,v=05

€ A1t N Cost € ht N Cost
0.01 129 1.4 x10* 21min 0.01 | 513 85x10° 4h
0.002 | 1025 3.5x 10° 30 days 0.002 Prohibitively large!!

(actual numbers & CPU times from 2010 on cluster of 2GHz Intel T7300 procs)
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Multilevel Quadrature [Heinrich, 1998], [Giles, 2008], ...

o Key idea: "sample” from Q@ on a hierarchy of levels with different

discretization parameters hg,...,h; = hand sp,...,s; = s, and use
L L
Qh,s = Qo + Z ( Qv — Qr—1 ) = Z Yy (telescoping sum)
~~ S——
::YO (=1 ::YE /=0

e.g. uniform mesh refinement hy = hy_1/2 (write Q; == @y, o).
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Multilevel Quadrature [Heinrich, 1998], [Giles, 2008], ...

o Key idea: “sample” from Q on a hierarchy of levels with different

discretization parameters hg,...,h; = hand sp,...,s; = s, and use
L L
Qh,s = Qo + Z ( Qv — Qr—1 ) = Z Yy (telescoping sum)
~~ S——
::YO (=1 ::YZ /=0

e.g. uniform mesh refinement hy = hy_1/2 (write Q) == Qp, ).

Given a (single-level) quadrature rule Y, define
the multilevel quadrature rule for E[Q] by

L
AML . Z v
Qh,s = YZ'

/=0
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Multilevel Quadrature [Heinrich, 1998], [Giles, 2008], ...

o Key idea: “sample” from Q on a hierarchy of levels with different

discretization parameters ho,...,hy = hand sp,...,s, = s, and use
L
th = (o +Z Q@ — Qv 1 = Z Yy (telescoping sum)
[_
o =y, =0
0

Given a (single-level) quadrature rule Y, define
the multilevel quadrature rule for E[Q] by

L
LY
=0

v

o e.g. Multilevel Monte Carlo Q' := Ze 0 <Nz Z Y, (20 ))>
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Where does the cost reduction come from?

Multilevel Monte Carlo case

o Level 0: Ny =~ NMC < =2, but cost per sample reduced to

Cost(Y{)) = Cost(Q})) = & (hg“’) — 0(1)

Hence, |%4.(Yo) = 0(c=2)|.
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Where does the cost reduction come from?

Multilevel Monte Carlo case

o Level 0: Ny =~ NMC < =2, but cost per sample reduced to

Cost(Y{)) = Cost(Q})) = & (hg“’) — 0(1)

Hence, |Z.(Yo) = (= 2)|.

o Level L: provided discretisation error converges strongly (pathwise)

YOl = 1Quz?) — Qu1(ZD)]| = (h) = 6(2).

(Assuming same weak and strong convergence rates — not always the case!)
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Where does the cost reduction come from?

Multilevel Monte Carlo case

o Level 0: Ny =~ NMC < =2, but cost per sample reduced to

Cost(Y{)) = Cost(Q})) = & (hg“’) — 0(1)

Hence, |Z.(Yo) = (= 2)|.

o Level L: provided discretisation error converges strongly (pathwise)

1Yl = 1Qu(ZD) = Qua(ZM)]| = 6(h) = 6(e).
(Assuming same weak and strong convergence rates — not always the case!)

Then the Law of Large Numbers gives

o 11/2 B
E [E[YL] — Ml = a2,

We can choose N, = @(1) and |%.(Y,) = O(h") = 0(=*)|.
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Multilevel Quadrature
Abstract Complexity Theorem (General Case)

Theorem (CIifFe, Giles, RS, Teckentrup, '11 & Teckentrup, Thesis '13)

Suppose there are constants o, 3,~v,m > 0 s.t., forall ¢ =0, ..., L,
(M1) E[Q — Q]| = 6(M; ),
(M2) |Ye ~E[vd] || = (N, "M, ),
(M3) Cost(Yy) = O(N;M;).

Then there are L and {Ng}éﬁzo such that (in the special case 8 = 2a)

ﬁ(gil/n)a if o > yn,
G(QM) = O(c717) | log(e)| 2T /CN) | if o =,
ﬁ(g_'}//a)’ if a<m.

Heidelberg, Oct 7, 2021

R. Scheichl (Heidelberg) Large-Scale Bayesian Inference: Sampling



Multilevel Quadrature

Example: Multilevel Monte Carlo for 2D lognormal diffusion and linear FEs

Multilevel Monte Carlo: n = % (using || X]| := v/E[X?], i.e. RMSE)
e Using truncated KLE: a = min(1,v), v =min(2,1+ 1)

- CKE(O\KI;MC) -0 <€— max(2,2/u))
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Multilevel Quadrature

Example: Multilevel Monte Carlo for 2D lognormal diffusion and linear FEs

Multilevel Monte Carlo: n = % (using || X]| := v/E[X?], i.e. RMSE)
e Using truncated KLE: a = min(1,v), v =min(2,1+ 1)

= CKE(O\KI;MC) =0 (8— max(2’2/y)) | Independent of s ! |

(Can be improved using FFT-based sampling to & (¢7°) for all v.)
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Multilevel Quadrature

Example: Multilevel Monte Carlo for 2D lognormal diffusion and linear FEs

Multilevel Monte Carlo: n = % (using || X]| := v/E[X?], i.e. RMSE)
e Using truncated KLE: a = min(1,v), v =min(2,1+ 1)

= (gg(ém;Mc) =0 (87 max(2,2/u)> | Independent of s ! |

(Can be improved using FFT-based sampling to & (5*2) for all v.)

Very interesting Numerical Analysis questions to prove (M1) and (M2)
[Charrier, RS, Teckentrup, SINUM '13], [Teckentrup, RS, Giles, Ullmann, NM '13]

as well as to prove (M3)
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Multilevel Quadrature

Example: Multilevel Monte Carlo for 2D lognormal diffusion and linear FEs

Multilevel Monte Carlo: n = % (using || X]| := v/E[X?], i.e. RMSE)
e Using truncated KLE: a = min(1,v), v =min(2,1+ 1)

= (gg(ém;Mc) =0 (87 max(2,2/u)> | Independent of s ! |

(Can be improved using FFT-based sampling to & (5*2) for all v.)

Very interesting Numerical Analysis questions to prove (M1) and (M2)
[Charrier, RS, Teckentrup, SINUM '13], [Teckentrup, RS, Giles, Ullmann, NM '13]

as well as to prove (M3)

|Can this be improved?
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Multilevel Quasi-Monte Carlo [Kuo et al, 2015], [Kuo et al, 2017]

]E[Yz]=/[071] ( (E)) d¢ ~ I Zn( 5())) yamce

with @ : R* — [0, 1]° the cumulative normal distribution function.
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Multilevel Quasi-Monte Carlo [Kuo et al, 2015], [Kuo et al, 2017]

= /[0,1] ( (£)> de =~ Ny Z Yf( 5( ))) = ?eQMC

with @ : R* — [0, 1]° the cumulative normal distribution function.

Monte Carlo: £) unif. random QMC: E(i) deterministic

O(N~1/?) convergence close to @(N~1) convergence
(order of variables irrelevant) (order of variables important!)
64 random points 64 Sobol’ points 64 lattice points
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Multilevel Quasi-Monte Carlo [Kuo et al, 2015], [Kuo et al, 2017]

]E[Yz]=/[071] ( (E)) d¢ ~ I Zn( 5())) yamce

with @ : R* — [0, 1]° the cumulative normal distribution function.

Monte Carlo: £) unif. random QMC: E(i) deterministic

O(N~1/?) convergence close to @(N~1) convergence
(order of variables irrelevant) (order of variables important!)
64 random points 64 Sobol’ points 64 lattice points

Theorem. For v > 3¢ +1andanyd >0: % (QMLMC) 0 (e7119) |
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Multilevel Quasi-Monte Carlo

Numerical Comparison for 2D lognormal diffusion

D = (0,1)?; linear FEs; @ = |D_1*\ Jp. pdx; truncated KLE w. s ~ h—2/v.
using a randomised lattice rule with product weights v; = 1/j%.
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Uncertainty Quantification

The Inverse Problem
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Uncertainty Quantification — The Inverse Problem

Bayesian interpretation of an inverse problem

Cause

Model of

Parar]r[lebers — System

Effect
— Observation
Y

The (physical) model gives us 7(y|x), the conditional probability of
observing y given x (“likelihood”), e.g. assuming additive Gaussian noise:

y=HX)+n
where H : X — R is the forward operator and 1 ~ N(0, X) is the noise.

@ So the maximum likelihood estimate in the Bayesian interpretation is
the solution of the least squares problem

R. Scheichl (Heidelberg)

argmin,ex ||y —

H(x)|3-
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Uncertainty Quantification — The Inverse Problem

Bayesian interpretation of an inverse problem

Cause Model of Effect
Parar}r[leters " System — Obsel;:'amon

The (physical) model gives us 7(y|x), the conditional probability of
observing y given x (“likelihood”), e.g. assuming additive Gaussian noise:

y=HX)+n
where H : X — R is the forward operator and 1 ~ N(0, X) is the noise.

@ So the maximum likelihood estimate in the Bayesian interpretation is
the solution of the least squares problem

argmincx [ly — H(x)[3-

But often we are really interested in 7(x|y), i.e. the conditional probability
of possible causes x given the observed data y (“posterior” density).
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Uncertainty Quantification — The Inverse Problem

Bayes' rule and MAP estimate

A simple result about conditional probabilities states

(y[x)m(x)

m(xly) = )

(Bayes’ rule)

where 7(x) = prior density — our knowledge/belief about x

(m(y) = marginal of 7(x, y) over all possible x, an unimportant scaling factor.)
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Uncertainty Quantification — The Inverse Problem

Bayes' rule and MAP estimate

A simple result about conditional probabilities states

(y[x)m(x)

m(xly) = )

(Bayes’ rule)

where 7(x) = prior density — our knowledge/belief about x

(m(y) = marginal of 7(x, y) over all possible x, an unimportant scaling factor.)

e The maximum a posteriori (MAP) estimate with Gaussian prior
x ~ N(xp, R) is the solution of the regularised least squares problem

argminyex [ly = HG)lIg-1 + [lx = xol| 7

(in addition, we can also get the posterior covariance at the MAP point)
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Uncertainty Quantification — The Inverse Problem

Bayes' rule and MAP estimate

A simple result about conditional probabilities states

(y[x)m(x)

m(xly) = )

(Bayes’ rule)

where 7(x) = prior density — our knowledge/belief about x

(m(y) = marginal of 7(x, y) over all possible x, an unimportant scaling factor.)

e The maximum a posteriori (MAP) estimate with Gaussian prior
x ~ N(xp, R) is the solution of the regularised least squares problem

argminyex [ly = HG)lIg-1 + [lx = xol| 7

(in addition, we can also get the posterior covariance at the MAP point)

Can we do better than finding the MAP estimate and its covariance?
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Metropolis-Hastings Markov Chain Monte Carlo

ALGORITHM 1 (Metropolis-Hastings Markov Chain Monte Carlo)

@ Choose initial state x° € X (typically “burn in").
o At state x” generate proposal x' € X from distribution g(x’|x")
(e.g. via a random walk x" ~ N(x", B))

@ Accept x’ as a sample with probability

o(x'|x") = min <1, m(Xly) CI(X"’X/)>

m(x"y) q(x'|x")

i.e. x"T1 = x" with probability c(x'[x"); otherwise x"*1 = x”.

R. Scheichl (Heidelberg) Large-Scale Bayesian Inference: Sampling Heidelberg, Oct 7, 2021



Metropolis-Hastings Markov Chain Monte Carlo

ALGORITHM 1 (Metropolis-Hastings Markov Chain Monte Carlo)

@ Choose initial state x° € X (typically “burn in").
o At state x” generate proposal x' € X from distribution g(x’|x")
(e.g. via a random walk x" ~ N(x", B))

@ Accept x’ as a sample with probability

o(x'|x") = min <1, m(Xly) CI(X"’X/)>

m(x"y) q(x'|x")

i.e. x"t1 = x’ with probability cv(x’|x"); otherwise x"*1 = x".

The samples f(x") of some output function (“statistic”) 7(-) can be used
for inference as usual (even though not i.i.d.):

BUT asymptotic variance (and thus N) scales w. integr. autocorrelation time !
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MCMC Example (Sample 1)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 A1 7\

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0

R. Scheichl (Heidelberg) Large-Scale Bayesian Inference: Sampling Heidelberg, Oct 7, 2021 25 / 61



MCMC Example (Sample 2)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 3)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 - e

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 4)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 - X

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 5)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 6)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 A1 AN

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 7)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 8)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 9)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 20)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 30)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 A1 7\

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 40)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 50)

1.0

0.8 A1

0.6 1

0.4

0.2

] ¢
0.0 >

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 60)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 70)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 80)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 90)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 1

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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MCMC Example (Sample 100)

1.0

0.8 A1

0.6 1

0.4

0.2

0.0 A1 VAN

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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Learning from Sparse and Noisy Data

Particulary important when studying complex physical or biological
systems where only very sparse and noisy data is available, but good
mathematical models exist to describe the system.

Examples:
@ Atmospheric, ocean or subsurface flow
o Cardiovascular system or tracer diffusion in brain imaging

@ Structural mechanics of composite materials or bones
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Learning from Sparse and Noisy Data

Particulary important when studying complex physical or biological

systems where only very sparse and noisy data is available, but good
mathematical models exist to describe the system.

Examples:
@ Atmospheric, ocean or subsurface flow

o Cardiovascular system or tracer diffusion in brain imaging

@ Structural mechanics of composite materials or bones

Machine Learning and Neural Networks alone will not be sufficient!

Need to add mathematical modelling & scientific computing to toolkit:

New Challenges! | Sashi's first lecture |

R. Scheichl (Heidelberg)
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Data for Radioactive Waste Example (WIPP)

Prior Model [Ernst et al, 2014]

S
loga~ > /i 95" (x)0;(w) with i.i.d. 6; ~ N(0,1)
j=1

Karhunen-Loéve modes (j = 1,2,9, 16)
conditioned on 38 permeability observations

(via kriging = Gaussian process regression = low-rank change to covariance operator)
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Data for Radioactive Waste Example (WIPP)

Prior Model [Ernst et al, 2014]

S
loga~ > /i 95" (x)0;(w) with i.i.d. 6; ~ N(0,1)
j=1

Karhunen-Loéve modes (j = 1,2,9, 16)
conditioned on 38 permeability observations

(via kriging = Gaussian process regression = low-rank change to covariance operator)

Prior model: 7y, (@) is multivariate standard Gaussian density for 8 € R®

R. Scheichl (Heidelberg) Large-Scale Bayesian Inference: Sampling Heidelberg, Oct 7, 2021 27 / 61



Data for Radioactive Waste Example (WIPP)

Likelihood Model

[Ernst et al, 2014]

Locations of 2000 Head Data
3580000 _§ o ®
2 1 o “gm °
[ E ol @
5 3580000, ) (229
% e e °
= b o0
1 -]
i @
3570000 _|
| o
3560000

e e B Emm
595000. B00000. B0S000. 610000. 615000. 620000. 625000

R. Scheichl (Heidelberg)

Easting (m)

Head (m)

925.000

920,000
915000
M 910.000
905,000

900.000

Large-Scale Bayesian Inference: Sampling

o Data Yy are pressure
measurements.

e F,(0) is the model
response.
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Data for Radioactive Waste Example (WIPP)

Likelihood Model

[Ernst et al, 2014]

Locations of 2000 Head Data

3590000

3550000

Morthing (m)

3570000

P T S R S T RN R T S S RIS

36560000 |

e e B Emm
595000. B00000. B0S000. 610000. 615000. 620000. 625000

Easting (m)

Head (m)

925.000

920.000

915.000

910.000

905.000

900.000

o Data Yy are pressure
measurements.

e F,(0) is the model
response.

Likelihood model: assuming Gaussian errors with covariance -

Ths(v|0) = exp(=ly — Fn(0)lI5-)

R. Scheichl (Heidelberg)

Large-Scale Bayesian Inference: Sampling
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Applying MCMC to Radioactive Waste Problem

Posterior through Bayes’ rule: 7, (0 |y) =~ m4s(y|0) mpr,s(0) J
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Applying MCMC to Radioactive Waste Problem

Posterior through Bayes’ rule: 7, (0 |y) =~ m4s(y|0) mpr,s(0) J

Use Metropolis-Hastings MCMC (Algorithm 1) to produce samples 6".
Then use the samples to estimate the posterior expectation of Q:

N
AMetH 1 n
Q= ,\,E_jloh,s(e ) ~ Ere [Q]
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Applying MCMC to Radioactive Waste Problem

Posterior through Bayes’ rule: 7, (0 |y) =~ 74s(y|0) mpr,s(0) J

Use Metropolis-Hastings MCMC (Algorithm 1) to produce samples 6".
Then use the samples to estimate the posterior expectation of Q:

N
AMetH 1 n
Q= Nz_jloh,s(e ) ~ Ere [Q]

Pros:
@ Markov chain 8" ~ 7, s as n — 00
= “gold standard” [Stuart et al]

@ s-independent, e.g. via pCN sampler
[Cotter, Dashti, Stuart, 2012]
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Applying MCMC to Radioactive Waste Problem

Posterior through Bayes’ rule: 7, (0 |y) =~ 74s(y|0) mpr,s(0) J

Use Metropolis-Hastings MCMC (Algorithm 1) to produce samples 6".
Then use the samples to estimate the posterior expectation of Q:

N
AMetH 1 n
Q= Nz_jloh,s(e ) ~ Ere [Q]

Pros: Cons:
@ Markov chain 8" ~ 7, as n — oo ® s very expensive for h < 1.
= “gold standard” [Stuart et al] @ an. < 10% for large s.

@ s-independent, e.g. via pCN sampler ° cge(a;\;lem) = O(e~277/)
. ,S '
[Cotter, Dashti, Stuart, 2012] but much bigger constant !
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Applying MCMC to Radioactive Waste Problem

Posterior through Bayes’ rule: 7, (0 |y) =~ 74s(y|0) mpr,s(0) J

Use Metropolis-Hastings MCMC (Algorithm 1) to produce samples 6".
Then use the samples to estimate the posterior expectation of Q:

N
AMetH 1 n
Q= Nz_jloh,s(e ) ~ Ere [Q]

Pros: Cons:
@ Markov chain 8" ~ 7, as n — oo ® ays very expensive for h < 1.
= “gold standard” [Stuart et al] ® ay. < 10% for large s.

@ s-independent, e.g. via pCN sampler ° cge(a;\;lem) = O(e~277/)
. ,S '
[Cotter, Dashti, Stuart, 2012] but much bigger constant !

Can we again apply the multilevel idea?‘
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Multilevel Markov Chain Monte Carlo
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Multilevel Markov Chain Monte Carlo — Idea

[Dodwell, Ketelsen, RS, Teckentrup, JUQ 2015] & [Dodwell et al, SIAM Rev. 2019]

What were the key ingredients of “standard” multilevel Monte Carlo?
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Multilevel Markov Chain Monte Carlo — Idea

[Dodwell, Ketelsen, RS, Teckentrup, JUQ 2015] & [Dodwell et al, SIAM Rev. 2019]

What were the key ingredients of “standard” multilevel Monte Carlo?
@ Telescoping sum: E[Q;] =E[Qo] + Zé:l E[Qr — Q1]
@ Models on coarser levels much cheaper to solve (h, ¢ < h“).

¢ )
o V[Qr — Qu_1] =% s 0as = much fewer samples on finer levels.
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Multilevel Markov Chain Monte Carlo — Idea

[Dodwell, Ketelsen, RS, Teckentrup, JUQ 2015] & [Dodwell et al, SIAM Rev. 2019]

What were the key ingredients of “standard” multilevel Monte Carlo?

@ Telescoping sum: E[Q.] =E[Q] + Zézl E[Qr— Q1]
@ Models on coarser levels much cheaper to solve (h, ¢ < h“).

o V[Qr — Qu_1] 2% L 0as —> much fewer samples on finer levels.
But Important! Now target distribution 7y := 7, ,(- | y) depends on ¢

Er, [Q] = Er, [Qo] + ) Er, [Q] —Er,_, [Qc-1]
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Multilevel Markov Chain Monte Carlo — Idea

[Dodwell, Ketelsen, RS, Teckentrup, JUQ 2015] & [Dodwell et al, SIAM Rev. 2019]

What were the key ingredients of “standard” multilevel Monte Carlo?
@ Telescoping sum: E[Q;] =E[Qo] + Z?:l E[Qr — Q1]
@ Models on coarser levels much cheaper to solve (h, ¢ < h“).

¢ )
o V[Qr — Qu_1] =% s 0as = much fewer samples on finer levels.

But Important! Now target distribution 7y := 7, ,(- | y) depends on ¢
E?TL [QL] = E?To [QO] + ZZ EW [Qé] - EW—1 [Qg,l]
N——

standard MCMC multilevel MCMC (NEW)

No L N,y
A 1 n 1 n n
Q™ = No Z Qo(Og) + Z N, Z (Q(®7) — Q-1(©7, 1))
n=1 /=1 n=1

with correlated Markov chains {©7, ;} and {©],} (see below).
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Multilevel Markov Chain Monte Carlo — Idea

[Dodwell, Ketelsen, RS, Teckentrup, JUQ 2015] & [Dodwell et al, SIAM Rev. 2019]

What were the key ingredients of “standard” multilevel Monte Carlo?

@ Telescoping sum: E[Q.] =E[Q] + Zézl E[Qr— Q1]
@ Models on coarser levels much cheaper to solve (h, ¢ < h“).

o V[Qr — Qu_1] % 5 0as => much fewer samples on finer levels.
But Important! Now target distribution 7y := 7, ,(- | y) depends on ¢
E?TL [QL] = E?To [QO] + ZZ EW [Qé] - EW—l [Qg,l]
N——
standard MCMC multilevel MCMC (NEW)

No L N,y
A 1 n 1 n n
Q™ = No Z Qo(Og) + Z N, Z (Q(®7) — Q-1(©7, 1))
n=1 /=1 n=1

with correlated Markov chains {©7, ;} and {©],} (see below).

For simplicity we describe only the case sy =sp_1 = ... = 5.
(In practice, useful to reduce also number s,_; of random parameters on coarser levels.
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Multilevel Markov Chain Monte Carlo — Algorithm

Choose subsampling rates ty...t € N (see below) and set Ty := Hf:_; t.
ALGORITHM 2 (Multilevel Metropolis Hastings MCMC for Q — Q¢—1)

Given realisations 6/ ...0; , at state n of Markov chains on levels 0 < k < /.

@ k=0: Set x) := 6] ,. Use Algorithm 1 (standard Metropolis—Hastings) to

i . n+1 Te,o
generate samples xo ~ 7o, i =1,..., Tyo. Set 0,5 :=x,"".
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Multilevel Markov Chain Monte Carlo — Algorithm

Choose subsampling rates ty...t € N (see below) and set Ty := Hf:_; t.
ALGORITHM 2 (Multilevel Metropolis Hastings MCMC for Q — Q¢—1)

Given realisations 6/ ...0; , at state n of Markov chains on levels 0 < k < /.

@ k=0: Set x) := 6] ,. Use Algorithm 1 (standard Metropolis—Hastings) to

i . n+1 Te,o
generate samples xo ~ 7o, i =1,..., Tyo. Set 0,5 :=x,"".

@ k >0: Set x) := 67 ,. Generate samples x ~ 7, i = 1... Ty as follows:

i+1) e :
(a) Propose x| = ngl) o Subsample to reduce correlation!
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Multilevel Markov Chain Monte Carlo — Algorithm

Choose subsampling rates ty...t € N (see below) and set Ty := Hf:_; t.
ALGORITHM 2 (Multilevel Metropolis Hastings MCMC for Q — Q¢—1)

Given realisations 6/ ...0; , at state n of Markov chains on levels 0 < k < /.

@ k =0: Set x) := 0} ,. Use Algorithm 1 (standard Metropolis—Hastings) to

i . n+1 Te,o
generate samples xo ~ 7o, i =1,..., Tyo. Set 0,5 :=x,"".

Q k> 0: Set x) := 6] ,. Generate samples xj, ~ m, i = 1... Ty as follows:

i+1) e :
(a) Propose x| = ngl) o | Subsample to reduce correlation!

(b) Accept x| and set x| = x} with probability

i . ﬂ_k(x/ ) qML(xn |x/ )
) = min (1, Tk A0
mh (x7) ait (x| x7)

Otherwise set x| ! = x| .
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Multilevel Markov Chain Monte Carlo — Algorithm

Choose subsampling rates ty...t € N (see below) and set Ty := Hf:_; t.
ALGORITHM 2 (Multilevel Metropolis Hastings MCMC for Q — Q¢—1)

Given realisations 6/ ...0; , at state n of Markov chains on levels 0 < k < /.

@ k =0: Set x) := 0} ,. Use Algorithm 1 (standard Metropolis—Hastings) to

i . n+1 Te,o
generate samples xo ~ 7o, i =1,..., Tyo. Set 0,5 :=x,"".

Q k> 0: Set x) := 6] ,. Generate samples xj, ~ m, i = 1... Ty as follows:

i+1)t :
(a) Propose x| = ngl) ot | Subsample to reduce correlation! |

(b) Accept x| and set x| = x} with probability
/ n
al|\(/|L(x;<|x;() — min <1’ ﬂ—k(xﬁ)ﬂ-k_l(x‘/k)) JS LiU, 2001
(X ) m—1(x},)

Otherwise set x| = x| .

( ) Set 0n+1 = X[Zk with Tok = Hf:_: t;.
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Multilevel Markov Chain Monte Carlo — Algorithm

Choose subsampling rates ty...t € N (see below) and set Ty := Hf:_; t.
ALGORITHM 2 (Multilevel Metropolis Hastings MCMC for Q — Q¢—1)

Given realisations 6/ ...0; , at state n of Markov chains on levels 0 < k < /.

@ k =0: Set x) := 0} ,. Use Algorithm 1 (standard Metropolis—Hastings) to

i . n+1 Te,o
generate samples xo ~ 7o, i =1,..., Tyo. Set 0,5 :=x,"".

Q k> 0: Set x) := 6] ,. Generate samples xj, ~ m, i = 1... Ty as follows:

i+1)t :
(a) Propose x| = ngl) ot | Subsample to reduce correlation! |

(b) Accept x| and set x| = x} with probability

/ n
al|\(/|L(x;<|x;() — min <1’ ﬂ—k(xﬁ)ﬂ-k_l(x‘/k)) JS LiU, 2001

Tk (XP)mk—1(x)

Otherwise set x| = x| .
Set 671" :=x,"* with Toy == [['_} t;
( ) € = Xk WI Ok = Hj:k e

© Set Y := Qu(07,) — Qe—1(07 1)
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MLMCMC - Comments

e Each {©],}n,>1, k=0,..../, is a Markov chain with O], ~ 7, as
n — oo and ty — o0.
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MLMCMC - Comments

e Each {©],}n,>1, k=0,..../, is a Markov chain with O], ~ 7, as
n — oo and ty — o0.

@ Theoretically need t; — oo to guarantee consistency of multilevel
algorithm (no bias between levels)
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MLMCMC - Comments

e Each {©],}n,>1, k=0,..../, is a Markov chain with O], ~ 7, as
n — oo and ty — o0.

@ Theoretically need t; — oo to guarantee consistency of multilevel
algorithm (no bias between levels)

@ In practice, suffices to choose ty ~ 1 — 2 times the i.a.c.t.
(integrated autocorrelation time)

@ States may differ between level ¢ and ¢ — 1:

State n+ 1 Level £ —1 | Level /¢
accept on level / [ o7
reject on level £ 2 07,
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MLMCMC - Comments

e Each {©],}n,>1, k=0,..../, is a Markov chain with O], ~ 7, as
n — oo and ty — o0.

@ Theoretically need t; — oo to guarantee consistency of multilevel
algorithm (no bias between levels)

@ In practice, suffices to choose ty ~ 1 — 2 times the i.a.c.t.

(integrated autocorrelation time)

@ States may differ between level ¢ and ¢ — 1:

State n+ 1 Level £ —1 | Level /¢
accept on level / [ o7
reject on level £ 2 07,

but not often for larger £ since acceptance probability o' gl
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MLMCMC - Comments

e Each {©],}n,>1, k=0,..../, is a Markov chain with O], ~ 7, as
n — oo and ty — o0.

@ Theoretically need t; — oo to guarantee consistency of multilevel
algorithm (no bias between levels)

@ In practice, suffices to choose ty ~ 1 — 2 times the i.a.c.t.
(integrated autocorrelation time)

@ States may differ between level ¢ and ¢ — 1:

State n+ 1 Level £ —1 | Level ¢
accept on level ¢ [ o7
reject on level £ 2 07,
but not often for larger £ since acceptance probability o' gl

Lemma (DodweII, Ketelsen, RS, Teckentrup, '15)

Enym |1 — ol (1)] = O(Ex, [[F() = Fe0)]]) = 009)
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Complexity Theorem for Multilevel MCMC (Dodwell et al. '15)
Suppose there are constants «, 3,7, > 0 such that, for all £ =0,....L,

M1 |E.,[Q] — E-(1n[Ql] = O(hF) (discretisation and truncation error)
M2’ Var,,[Y/]+ (Ea|g[%] By, [%])2: Var,, ., ,[Y] 6(N;*)(MCMC-error)
M2 Var,, ., ,[Yi] = O(h))

M3 Cost(YC) = (N, h; 7).

(multilevel variance decay)

(cost per sample)

Then there exist L, {N,};_, s.t. MSE < £? and

Cgf(amLsMH) =0 (5_2_maX(O’W;B)> (+ log-factor when 8 = ~)
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Complexity Theorem for Multilevel MCMC (Dodwell et al. '15)
Suppose there are constants «, 3,7, > 0 such that, for all £ =0,....L,

M1 |E.,[Q] — E-(1n[Ql] = O(hF) (discretisation and truncation error)
M2’ Var,,[Y/]+ (Ea|g[%] By, [%])2: Var,, ., ,[Y] 6(N;*)(MCMC-error)
M2 Var,, ., ,[Yi] = O(h))

M3 Cost(YC) = (N, h; 7).

(multilevel variance decay)

(cost per sample)

Then there exist L, {N,};_, s.t. MSE < £? and

Cgf(amLsMH) =0 (5_2_maX(O’W;B)> (+ log-factor when 8 = ~)

@ Proof of Assumptions M1 and M3 similar to i.i.d. case.

® M2’ not specific to MLMCMC; first steps in [Hairer, Stuart, Vollmer, '11].

R. Scheichl (Heidelberg) Large-Scale Bayesian Inference: Sampling Heidelberg, Oct 7, 2021 34 /61



Complexity Theorem for Multilevel MCMC (Dodwell et al. '15)
Suppose there are constants «, 3,7, > 0 such that, for all £ =0,....L,

M1 |E.,[Q] — E-(1n[Ql] = O(hF) (discretisation and truncation error)
M2’ Var,,[Y/]+ <E3|g[\7f]7Em_m4 [%])2: Var,, ., ,[Y] 6(N;*)(MCMC-error)
M2 Var,, ., ,[Yi] = O(h)) (multilevel variance decay)
M3 Cost(YC) = (N, h; 7). (cost per sample)

Then there exist L, {N,};_, s.t. MSE < £? and

ng(amLSMH) =0 (5_2_max(0’%5)> (+ log-factor when 3 = )

@ Proof of Assumptions M1 and M3 similar to i.i.d. case.

® M2’ not specific to MLMCMC; first steps in [Hairer, Stuart, Vollmer, '11].

Proof of M2 for lognormal diffusion & linear FEs (Dodwell et al '15)

Var,, », , [QZ(GZ/) — Qg_1(927é_1)] = O(hy) (unfortunately 8 = a not 2a)
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More Comments — Related Literature

@ Typically also increase number of parameters sy from level to level
and use standard proposal kernel for new parameters (see paper).

@ Subsampling essential (exact only in limit of infinite subsampling), but
small bias for sampling rates of the size of the i.a.c.t.
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More Comments — Related Literature

@ Typically also increase number of parameters sy from level to level
and use standard proposal kernel for new parameters (see paper).

@ Subsampling essential (exact only in limit of infinite subsampling), but
small bias for sampling rates of the size of the i.a.c.t.

e New (‘multiplicative’) version: Current work with Colin Fox (Otago)

@ Algorithm 2 is a special case of a surrogate transition method
[Liu, Monte Carlo Strategies in Scientific Computing, 2001, §9.4.3]

@ and of delayed acceptance Metropolis-Hastings [Christen, Fox, '05]
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@ Typically also increase number of parameters sy from level to level
and use standard proposal kernel for new parameters (see paper).

@ Subsampling essential (exact only in limit of infinite subsampling), but
small bias for sampling rates of the size of the i.a.c.t.

e New (‘multiplicative’) version: Current work with Colin Fox (Otago)

@ Algorithm 2 is a special case of a surrogate transition method
[Liu, Monte Carlo Strategies in Scientific Computing, 2001, §9.4.3]

@ and of delayed acceptance Metropolis-Hastings [Christen, Fox, '05]

But crucially exploit also variance reduction & prove rates in MLMCMC J

(Current work with C. Fox: adaptive error estimates using the multilevel Markov chains)
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More Comments — Related Literature

@ Typically also increase number of parameters sy from level to level
and use standard proposal kernel for new parameters (see paper).

@ Subsampling essential (exact only in limit of infinite subsampling), but
small bias for sampling rates of the size of the i.a.c.t.

e New (‘multiplicative’) version: Current work with Colin Fox (Otago)

@ Algorithm 2 is a special case of a surrogate transition method
[Liu, Monte Carlo Strategies in Scientific Computing, 2001, §9.4.3]

@ and of delayed acceptance Metropolis-Hastings [Christen, Fox, '05]

But crucially exploit also variance reduction & prove rates in MLMCMC J

(Current work with C. Fox: adaptive error estimates using the multilevel Markov chains)

@ Other references on related mutlilevel MC methods for Bayesian inverse problems:

e Hoang, Schwab & Stuart, Inverse Prob 29, 2013
@ Beskos, Jasra, Law & Zhou, Stoch Proc Appl, 2017
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Numerical Example

Fruit fly (2D lognormal diffusion) on D = (0,1)? with linear FEs

@ Prior: Separable exponential covariance with 0> = 1, A\ = 0.5.

|x—x" ly—y'l
S Wi

ie. E[Z(x)Z(x")] =o€
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Numerical Example

Fruit fly (2D lognormal diffusion) on D = (0,1)? with linear FEs

@ Prior: Separable exponential covariance with 0% = 1, A
e, BIZ()Z(x)] = o?e” 5 -5

=0.5.

o “Data” y: Pressure at 16 points x” € D & error covariance = = 10741,

Permeability Permeability

t.mw E'ww'

s

Y-Axis
Y-Axis

0.0 0.2 04 0.6 0.8 10
X-Axis

Synthetic Data

0.0 02 04 06 0.8

X-Axis

Posterior Sample
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Numerical Example

Fruit fly (2D lognormal diffusion) on D = (0,1)? with linear FEs

@ Prior: Separable exponential covariance with 0> = 1, A\ = 0.5.
ie. E[Z(x)Z(x)] = o%e~ S5 -5
o “Data” y: Pressure at 16 points x” € D & error covariance = = 10741,

@ pCN-proposals [Cotter, Dashti, Stuart, 2012]

Permeability Permeability

t.mw E'ww'

s

Y-Axis
Y-Axis

0.0 0.2 04 0.6 0.8 10
X-Axis

Synthetic Data

0.0 02 04 06 0.8 10

X-Axis
Posterior Sample
R. Scheichl (Heidelberg)
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Numerical Example

Quantity of interest: Q = jg kV p dxo; coarsest mesh size: ho

@ 5-level method with #KL modes increasing from s; = 50 to s, = 150

10° 10°
MLMCMC
: istandard MCMC
~ 0
Q 4 ~
s 10 o
£ E
n I 10
= >
g o
o O
c
2 10° £
o) D103
o 310
£ o
10? 10°

0.01 0.02 0.03 0.04
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Numerical Example

Quantity of interest: Q = jg kV p dxo; coarsest mesh size: ho

@ 5-level method with #KL modes increasing from s; = 50 to s, = 150

10° 10°
MLMCMC
I
- o
4 [$3 5
g 10 810
E g
© =
b 510
5 a
2 O
2 10° £
§ @103 &
= S
2 2
10 10 001 002 003 004
€
. 14 . . .
@ #independent samples = — (70 ...integrated autocorrelation time)
Te
Level ¢ 0 1 2 3 4

i.a.c. time 7, | 136.23 | 3.66 | 2.93 | 1.46 | 1.23
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Choice of Proposal Distribution

Muiltilevel DILI (recent preprint with T Cui & G Detommaso)

@ So far: pCN random walk proposal (uses no gradient/Hessian info)
[Cotter, Dashti, Stuart, '12]
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Choice of Proposal Distribution

Muiltilevel DILI (recent preprint with T Cui & G Detommaso)
@ So far: pCN random walk proposal (uses no gradient/Hessian info)
[Cotter, Dashti, Stuart, '12]

@ Problem: Dimension independent but very high IACT for s — ool

7o A 136 above, i.e. need 136 samples to obtain one independent sample!!
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@ Problem: Dimension independent but very high IACT for s — ool

7o A 136 above, i.e. need 136 samples to obtain one independent sample!!

@ However, can use any other proposal (e.g. MALA, stochastic Newton)
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Choice of Proposal Distribution

Muiltilevel DILI (recent preprint with T Cui & G Detommaso)

@ So far: pCN random walk proposal (uses no gradient/Hessian info)
[Cotter, Dashti, Stuart, '12]

@ Problem: Dimension independent but very high IACT for s — ool

7o A 136 above, i.e. need 136 samples to obtain one independent sample!!
@ However, can use any other proposal (e.g. MALA, stochastic Newton)

@ DILI (dimension-independent likelihood-informed) MCMC [Cui, Law, Marzouk '16]

samples from preconditioned Langevin equation using low-rank approximation of
data-misfit Hessian at some points (incl. MAP point) | Roland Herzog's ta|k|
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Choice of Proposal Distribution

Muiltilevel DILI (recent preprint with T Cui & G Detommaso)
@ So far: pCN random walk proposal (uses no gradient/Hessian info)
[Cotter, Dashti, Stuart, '12]

@ Problem: Dimension independent but very high IACT for s — ool

7o A 136 above, i.e. need 136 samples to obtain one independent sample!!
@ However, can use any other proposal (e.g. MALA, stochastic Newton)

@ DILI (dimension-independent likelihood-informed) MCMC [Cui, Law, Marzouk '16]

samples from preconditioned Langevin equation using low-rank approximation of

data-misfit Hessian at some points (incl. MAP point) | Roland Herzog's ta|k|

@ New multilevel construction of DILI (with T Cui and G Detommaso) ...

Cui, Detommaso, RS, Multilevel dimension-independent likelihood-informed
MCMC for large-scale inverse problems, submitted, 2019 [arXiv:1910.12431]
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Numerical Test on a Harder Example

True parameter Pressure
logy, true permeability | pressure field
: . ; : 12 09 ( H}H‘ 09
0.1 \
1 08 | “‘r( 08
0.2
oe 07 07
03
o 0s 0
0.4 04
& os
& o5 02 ) 05
04 04
06 0
03 03
0.7 02
02
08 04 02
06 o1 ot
09
o8 DD 02

0 02 04 06 08 1

Model:
ode -V (ez(X)Vu(s)> =0, xel0,1]?

Top/bottom: zero Neumann b.c.; left/right: Dirichlet b.c. zero/one, respectively.
Prior: z = log a Gaussian w. exponential covariance k(x, x") = exp(—5|x — x'|)
Data: 71 sensors; signal to noise ratio 50.

Qol: Q") = average flux over the left boundary
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Numerical Comparison: IACTs & CPU Times

Refined parameters Qe(07 ) — Qe-1(07 ;1)
Level ¢ 0 1 2 3 Level ¢ 0 1 2 3
fact(pCN) | 4300 | 45 | 48 | 24 iact(pCN) | 4100 | 4.9 | 2.8 | 1.9
iact(DILI) | 34 | 11|36 2.0 iact(DILI) | 9.0 | 46|24 18

R. Scheichl (Heidelberg) Large-Scale Bayesian Inference: Sampling Heidelberg, Oct 7, 2021 40 / 61



Numerical Comparison: IACTs & CPU Times

Refined parameters Qe(07 ) — Qe-1(07 ;1)

Level ¢ 0 1 2 3 Level ¢ 0 1 2 3
iact(pCN) | 4300 | 45 | 48 | 24 iact(pCN) | 4100 | 49 | 2.8 | 1.9
iact(DILI) 34 11136 |20 iact(DILI) | 9.0 | 46|24 |18

~ 1 CPU Month 107 RN
~ 9 CPU Days
~ 2 CPU Days
+<— 1 CPU Day
——MLpCN -y -pCN CPU time (in sec)
108+ —e— MLmixed - A -DILI D
MLDILI
2.8 x 1073 57 x 1073 127 x 1072

€
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Parallel Multilevel MCMC

Software & HPC Experiments
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MUQ - MIT Uncertainty Quantification Library

Modular UQ Library, C++ and Python
Model-agnostic interfaces

Numerous UQ algorithms readily available

www.mituq.bitbucket.io
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Models in MUQ

Random variable Z

| Uncertain parameter 9|

~
[ Forward model £(0) |

[ Likelihood m(y|f(6))

Posterior 7(0]y

Figure: Model graph example for simple Bayesian problem

@ Well-structured, modular construction of advanced models.
@ Can couple to external software.

e Easy to switch models / methods!

e For Multilevel (-index): Define set of models.
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Modular MCMC Framework

Proposal
il
@ Proposals: MH, pCN, MALA, DILI, ... Kernel
o Kernels: MH, MC, ML/MI, ... L
MCMC Chain

@ Chains: Sequential, parallel, ...

Figure: Modular MCMC
architecture

Want a different method? Just switch out one component!
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Multilevel (-index) in Modular MCMC Framework

SubsamplingMIProposal

T

MIKernel MHProposal

T

SingleChainMCMC Level / —1
U i J

SubsamplingMIProposal

T

MIKernel MHProposal

T

MIMCMCBox SingleChainMCMC Level /
U J

Figure: Sequential architecture for computing E,/[Q/] — E,i-1[Q/_1]
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What is the challenge in writing parallel MLMCMC code?

Monte Carlo

Trivially parallel

Natural data
dependencies
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What is the challenge in writing parallel MLMCMC code?

Monte Carlo

Trivially parallel

Natural data
dependencies

eeio  @—@—@—-0—-0—-@—-0—-0—-@ Here even worse:
Level 1 é ® ‘ ------ Dependencies

y between levels!
Level 2 ‘ ......
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MLMCMC Parallelization
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MLMCMC Parallelization:

P
PO Leeio 00000000

CPU1
evelo  @—@—@—0—-0—-@0—-0—-0—-@ -
Level 1 ‘ ‘ " """

P2 Lo O—0—-9—-0—-0—-0-0-0-@
Level 1 ‘ ‘ " """

Level 2 " """
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MLMCMC Parallelization: Multiple Chains

PO GO OO0
S —-0—0—0—0—0—0—0-0
2 0-0—0—0-0-0-0-0-0
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MLMCMC Parallelization: Within Model

CPUO

CPU1

CPU2
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Parallel Multilevel (-index) MCMC Processor Layout

‘ Root ‘ ‘ Phonebook ‘

Lvl 0 Collectors Lvl 0 Chain 0 Lvl 0 Chain 1
— ‘ Collector 0 ‘ ‘ Controller ‘ ‘ Worker 1 Controller ‘ ‘ Worker 1
S
= ‘ Collector 1 ‘ ‘ Worker 2 ‘ ‘ Worker 3 Worker 2 ‘ ‘ Worker 3
_ Lvl1 Collectors Lvl 1 Chain 0 Lvl 1 Chain 1
S- ‘ Collector 0 ‘ ‘ Controller ‘ ‘ Worker 1 Controller ‘ ‘ Worker 1
[
E ‘ Collector 1 ‘ ‘ Worker 2 ‘ ‘ Worker 3 Worker 2 ‘ ‘ Worker 3
=

Figure: Parallel layout (each box is a processor / MPI rank)

Tested on 1000 parallel chains, probably more possible
Too complicated? All this happens behind the scenes!
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Scheduling Parallel MLMCMC

without scheduling

with scheduling
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Parallel Experiments
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Poisson problem

Figure: "True' field (left). MLMCMC estimator of expected value (right).

runtime  subsamp. i.a.c.t. V[Qo] or
level hy DOFs ¢ [ms] Pl Ty V[Q[ — Q/_l]
0 & 289 335 206  137.3 1501 x 10°*
1 & 4225 4564 17 112 1.121x 1073
2 5 66049 931.81 0 1.05 4.165 x 105
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3560

1280

320

160

80

40

Figure: Scalability of the Poisson model problem for 10%, 10° and 10% samples

\ - 1N

N == Strong scaling

16 32 64 128 256 512 1024
number of tasks N

2048

and subsampling rates of 206, 17 and 0 on levels 0, 1 and 2. The model
dimensionality remains constant as the number of processors is increased.
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Weak scaling

1200 120
P 4

1000 1 N oM m e [0 .
g
B -3¢ | =
800 ‘( 80 &
o o
E 600 F 60 %
& &
400 F 40 §
%
(=%

200 F 20

== Weak scaling
0 0

750 1000 1250 1750

number of tasks N

0 250 500 1500 2000

Figure: Weak scalability & parallel efficiency for Poisson problem. At 64 cores
10*, 10% and 10? samples are computed on levels 0, 1 and 2, resp. Number of
samples increased linearly with number of processors.
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Tsunami Application

@ Modelling Tohoku event (2011) using Shallow Water Equation and
real bathymetry

@ Forward model using ExaHyPE PDE engine [Reinarz et al, CPC '20]

o Data: Buoy measurements. Parameter: Tsunami source
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Across levels, we adapt
@ mesh size

@ bathymetry smoothness (specific to hyperbolic solvers!)
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subsam. V[Qo] or E[Qo]+
level ¢ [s] Y VIQr — Q-1] 2221 E[Qx — Qk-1]

0 7.38 25 1984.09 1337.42 3.61 27.96
1 97.3 5 1592.17 1523.18 -12.29 23.39
2 4381 0 340.56  938.53  -5.46 0.12

Run on 72 nodes, each with 48 cores (3456 in total)
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Conclusions

@ Introduced multilevel Monte Carlo & model hierarchies (in general)
for UQ and Baysian inference. Highlighted the huge potential.

@ A vibrant research area with many open questions
@ A “no-brainer” (for me) in practice (if you have a hierarchy)

@ | believe, we have only scratched the surface, especially in context
of Bayesian inference & data assimilation
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Conclusions

Introduced multilevel Monte Carlo & model hierarchies (in general)
for UQ and Baysian inference. Highlighted the huge potential.

A vibrant research area with many open questions
A “no-brainer” (for me) in practice (if you have a hierarchy)
| believe, we have only scratched the surface, especially in context

of Bayesian inference & data assimilation

Despite data dependencies, Multilevel MCMC ready for HPC

extra room for parallelism across levels

Building on modular framework in MUQ pays off.
Flexibility regarding model hierarchy.

Excellent parallel scalability and embedding with existing HPC
software from applications.
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Outlook & Hardware-Awareness

o Application in other areas (especially multilevel MCMC):

(e.g. aerospace composites, geostatistics, imaging, quantum physics,. . .)

@ Significant further improvements are possible with using adaptive,
sample-dependent hierarchies

@ Have to yet fully exploit multi-index capability.

o Parallel adaptive ML delayed acceptance (w. Dodwell & Lykkegaard)
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Outlook & Hardware-Awareness

o Application in other areas (especially multilevel MCMC):

(e.g. aerospace composites, geostatistics, imaging, quantum physics,. . .)

@ Significant further improvements are possible with using adaptive,
sample-dependent hierarchies

@ Have to yet fully exploit multi-index capability.

o Parallel adaptive ML delayed acceptance (w. Dodwell & Lykkegaard)

o Hierarchical task-based programming models to distribute work at
run-time. Static load balancing difficult due to adaptivity, error control, ...

@ Matrix-free solvers: sum factorisation (high order) & SIMD
parallelisation across samples (low order)

@ More sophisticated propsals have other parallelisation challenges,

e.g. MAP point calculation = optimisation Roland Herzog
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Resources
MUQ DUNE ExaHyPE
www.mituq.bitbucket.io www.dune-project.org www . exahype . eu
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